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gä

ng
er

)
fo

r
α

1
=

α
2.



D
efi

n
it
io

n
:

D
o
p
p
el

g
ä
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gä

ng
er

)
fo

r
α

1
=

α
2.

T
he

id
ea

b
eh

in
d

th
is

id
en

ti
ty

is
th

at
th

e
ab

ov
e

su
m

s
of

le
tt

er
s

(f
ro

m
Ξ

m
=
{x

σ
:

σ
∈
{0

,1
}m
})

in
de

xe
d

by
Λ

i’
s

re
co

rd
th

e

se
t-

th
eo

re
ti
ca

l
co

n
fi
g
u
ra

ti
o
n

of
th

e
bi

-l
an

gu
ag

es
Y

i.



E
xa

m
p
le

x
>

+
(x
∨ )

>
=

(x
∨ )

>



E
xa

m
p
le

x
>

+
(x
∨ )

>
=

(x
∨ )

>

L
in

ea
ri
za

ti
on

yi
el

ds
β

> 1
+

β
> 2

=
β

> 3
,
w

he
re

β
1
≡

x

β
2
≡

β
3
≡

x
∨ .



E
xa

m
p
le

x
>

+
(x
∨ )

>
=

(x
∨ )

>

L
in

ea
ri
za

ti
on

yi
el

ds
β

> 1
+

β
> 2

=
β

> 3
,
w

he
re

β
1
≡

x

β
2
≡

β
3
≡

x
∨ .

T
o

ge
t

ri
d

of
ε

fr
om

B(
β

2)
=
B(

β
3)

,
w
e

m
ak

e
us

e
of

x
∨

=
ε

+
x
↓x

∨

an
d

pr
oc

ee
d

w
it
h

x
↓x

∨
in

st
ea

d
of

x
∨ .



E
xa

m
p
le

N
ow

w
e

ha
ve

Y
1
⊂

Y
2

=
Y

3,
th

us
Λ

1
=
{0

00
}a

nd
Λ

2
=

Λ
3

=

{0
00

,1
00
}.



E
xa

m
p
le

N
ow

w
e

ha
ve

Y
1
⊂

Y
2

=
Y

3,
th

us
Λ

1
=
{0

00
}a

nd
Λ

2
=

Λ
3

=

{0
00

,1
00
}.

F
or

si
m

pl
ic

it
y,

w
ri
te

x
fo

r
x

00
0

an
d

y
fo

r
x

10
0.

S
o,

ou
r

do
p-

p
el

gä
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ä
n
g
er

L
em

m
a
⇒

th
e

ad
jo

in
ed

st
ri
ng

id
en

ti
ty

α
′′ 1

 
∑ σ
∈Λ

1

x
σ
,.

..
,

∑ σ
∈Λ

n

x
σ

 
=

α
′′ 2

 
∑

σ
∈Λ

n
+

1

x
σ
,.

..
,

∑ σ
∈Λ

m

x
σ

 

is
a

va
lid

on
e,

th
us

it
b
el

on
gs

to
Γ

1.

A
pp

ly
th

e
su

bs
ti
tu

ti
on

x
σ
7→

ξ σ
.

B
y

co
m

bi
ni

ng
(∗

)
an

d
th

e
ab

ov
e

do
pp

el
gä
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